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HECKE-TYPE IDENTITIES ASSOCIATED WITH DEFINITE
QUADRATIC FORMS
BING HE
Abstract. Since the study by Jacobi and Hecke, Hecke-type series have re-
ceived a lot of attention. Unlike such series associated with indefinite quadratic
forms, identities on Hecke-type series associated with definite quadratic forms
are quite rare in the literature. Motivated by the works of Liu, we first estab-
lish many parameterized identities with two parameters by employing different
q-transformation formulas and then deduce various Hecke-type identities as-
sociated with definite quadratic forms by specializing the choice of these two
parameters. As applications, we utilize some of these Hecke-type identities
to establish families of inequalities for several partition functions. Our proofs
heavily rely on some formulas from the work of Zhi-Guo Liu [14].
1. Introduction
Hecke-type series are of the type∑
(m,n)∈D
(−1)H(m,n)qQ(m,n)+L(m,n),
whereH and L are linear forms, Q is a quadratic form and D is some subset of Z×Z
such that Q(m,n) ≥ 0 for each (m,n) ∈ D. We allow Q(m,n) to be definite here
although Q(m,n) was assumed to be indefinite historically. The following classical
identity, which expresses an infinite product as a Hecke-type series, is due to Jacobi
[1, (3.15)]:
(q; q)3∞ =
∞∑
n=−∞
∑
m≥|n|
(−1)mqm(m+1)/2,
where
(q; q)∞ :=
∞∏
k=1
(1 − qk).
Here and in the sequel, |q| < 1 is assumed. Motivated by this identity, Hecke [9]
investigated theta series relating indefinite quadratic forms. In particular, Hecke
[9, p. 425] presented the following identity, which is due to Rogers [15, p. 323]:
(q; q)2∞ =
∞∑
n=−∞
∑
|m|≤n/2
(−1)m+nq(n2−3m2)/2+(m+n)/2.
Since the study by Hecke, this type of identities have attracted broad interest
among many mathematicians. For instance, Kac and Peterson [11] showed ways to
prove Hecke-type identities by using affine Lie algebra. Andrews [2, 3] linked them
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to the fifth and seventh order mock theta functions. In [10] Hickerson applied Hecke-
type identities in his beautiful proof of the mock theta conjecture. In addition,
Zwegers [17] developed a theory of transformation formulas for Hecke-type identities
arising from the mock theta functions. However, unlike such series associated with
indefinite quadratic forms, results on Hecke-type identities associated with definite
quadratic forms are quite few in the literature. Using a q-transformation formula,
Liu [14, (4.12)–(4.14)]1 established three interesting Hecke-type identities associated
with definite quadratic forms:
∞∑
n=0
qn
2
(q2; q2)n
=
1
(q; q)∞
∞∑
n=0
n∑
j=−n
(−1)j(1− q2n+1)qn2+j2 ,
∞∑
n=0
(−1)nqn(n−1)/2
(−q; q)n =
∞∑
n=0
n∑
j=−n
(−1)n+j(1− q2n+1)qn(n−1)/2+j2 ,
∞∑
n=0
(−1)nqn(n−1)/2
(q; q)n
=
(−q; q)∞
(q; q)∞
∞∑
n=0
n∑
j=−n
(−1)j(1− q2n+1)qn(n−1)/2+j2 ,
where
(a; q)n :=
n−1∏
k=0
(1 − aqk).
In [16] Wang and Yee found one identity of this type:
(1.1)
∞∑
n=1
qn(q; q2)n
(1 + q2n)(−q; q2)n =
∞∑
n=0
n∑
j=−n+1
(−1)jqn2+j2 .
Two similar identities
1 + 2
∞∑
n=1
qn
2+n
(1 + qn)(q; q)n
=
1
(q; q)∞
∞∑
n=0
n∑
j=−n
(−1)jq(3n2+n)/2+j2 ,
1 + 2
∞∑
n=1
(−1)nqn(n+1)/2
1 + qn
=
∞∑
n=0
n∑
j=−n
(−1)n+j(1− q2n+1)qn2+j2
were recently discovered by Chan and Liu [7, (4.8) and (4.9)]. To the best of our
knowledge, these identities may be the only six Hecke-type identities associated
with definite quadratic forms in the literature. Finding such identities becomes an
interesting and important topic.
In [12, 13, 14], using two general q-transformation formulas, Liu discovered many
amusing Hecke-type identities although most of his identities are only associated
with indefinite quadratic forms. Motivated by the works of Liu, we shall present a
lot of Hecke-type identities associated with definite quadratic forms. Namely, we
first set up various parameterized identities with two parameters by using different
q-transformation formulas and then derive many Hecke-type identities associated
with definite quadratic forms by specializing the choice of these two parameters.
The rest of this paper is organized as follows. In Section 2 we recall some formulas
from the theory of basic hypergeometric series. In Section 3 we establish many
(a, b)-parameterized identities and then employ these parameterized identities to
1The factor (−1)n should be deleted on the right-hand side of [14, (4.12) and (4.14)] while the
factor (−1)n is missing on the right-hand side of [14, (4.13)].
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deduce various Hecke-type identities associated with definite quadratic forms. For
example,
∞∑
n=1
qn
1 + q2n
=
∞∑
n=1
n∑
j=−n+1
qn
2+j2 ,
∞∑
n=1
(−1)nqn2+n
(1 + q2n)(q; q2)n
=
∞∑
n=1
n∑
j=−n+1
(−1)nq2n2+j2 .
Both of these two identities are associated with definite quadratic forms n2 + j2
and 2n2 + j2 respectively.
Finally, as applications, we use several Hecke-type identities in Section 3 to
establish inequalities for certain partition functions in the last section. For example,
⌊√
N/2
⌋
∑
n=0
n+1∑
j=−n
(−1)n
(
p
(
N − 3n− j2
2
− n2
)
− p
(
N − 5n− j2 − 2
2
− n2
))
≥ 0,
⌊√
N/2
⌋
∑
n=0
n∑
j=−n
(−1)j(pod(N − 2n2 − n− j2)− pod(N − 2n2 − 3n− j2 − 1)) ≥ 0,
where p(n) and pod(n) denote the number of overpartitions of n and the number
of partitions of n without repeated odd parts respectively.
It should be mentioned that the core tools for our proofs are these formulas from
Liu’s work [14].
2. Preliminaries
In this section we collect some useful formulas or identities on basic hypergeo-
metric series.
Throughout this paper we adopt the standard q-notations: the q-shifted factori-
als are defined as
(a; q)0 := 1, (a; q)n :=
n−1∏
k=0
(1− aqk), (a; q)∞ :=
∞∏
k=0
(1− aqk).
The following compact notation for multiple q-shifted factorials is also used:
(a1, a2, · · · , am; q)n := (a1; q)n(a2; q)n · · · (am; q)n,
where n is an integer or ∞.
The basic hypergeometric series rφs is defined by [8, (1.2.22)]
rφs
(
a1, a2, · · · , ar
b1, b2, · · · , bs ; q, z
)
:=
∞∑
n=0
(a1, a2, · · · , ar; q)n
(q, b1, b2, · · · , bs; q)n ((−1)
nqn(n−1)/2)1+s−rzn.
Liu [14, Theorem 4.3] established the following q-transformation formula by using
a general q-transformation formula: for max{|αa|, |αb|, |αabz/q|} < 1, we have
(2.1)
(αq, αab/q; q)∞
(αa, αb; q)∞
4φ3
(
q/a, q/b, β, γ
c, d, h
; q,
αabz
q
)
=
∞∑
n=0
(1− αq2n)(α, q/a, q/b; q)n(−αab/q)nq(
n
2)
(1− α)(q, αa, αb; q)n 4φ3
(
q−n, αqn, β, γ
c, d, h
; q, qz
)
.
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If γ = h, then (2.1) becomes the following formula:
(2.2)
(αq, αab/q; q)∞
(αa, αb; q)∞
3φ2
(
q/a, q/b, β
c, d
; q,
αabz
q
)
=
∞∑
n=0
(1− αq2n)(α, q/a, q/b; q)n(−αab/q)nq(
n
2)
(1− α)(q, αa, αb; q)n 3φ2
(
q−n, αqn, β
c, d
; q, qz
)
,
where max{|αa|, |αb|, |αabz/q|} < 1.
When z = 1 the formula (2.2) reduces to the following identity:
(2.3)
(αq, αab/q; q)∞
(αa, αb; q)∞
3φ2
(
q/a, q/b, β
c, d
; q,
αab
q
)
=
∞∑
n=0
(1− αq2n)(α, q/a, q/b; q)n(−αab/q)nq(
n
2)
(1 − α)(q, αa, αb; q)n 3φ2
(
q−n, αqn, β
c, d
; q, q
)
,
where max{|αa|, |αb|, |αab/q|} < 1. This formula can also be obtained by replacing
(αc, αd) by (c, d) in [12, Theorem 1.7].
Setting β = d in (2.2) we obtain the following q-transformation formula: for
max{|αa|, |αb|, |αabz/q|} < 1, we have
(2.4)
(αq, αab/q; q)∞
(αa, αb; q)∞
2φ1
(
q/a, q/b
c
; q,
αabz
q
)
=
∞∑
n=0
(1− αq2n)(α, q/a, q/b; q)n(−αab/q)nq(
n
2)
(1− α)(q, αa, αb; q)n 2φ1
(
q−n, αqn
c
; q, qz
)
.
From [8, (3.2.5) and (3.2.6)] we have
(2.5) 3φ2
(
q−n, a, b
d, e
; q,
deqn
ab
)
=
(e/a; q)n
(e; q)n
3φ2
(
q−n, a, d/b
d, aq1−n/e; q, q
)
,
and
(2.6)
3φ2
(
q−n, aqn, b
d, e
; q,
de
ab
)
=
(aq/d, aq/e; q)n
(d, e; q)n
(
de
aq
)n
3φ2
(
q−n, aqn, abq/de
aq/d, aq/e
; q,
q
b
)
.
From [14, Propositions 2.4 and 2.5]2 we find that
(2.7)
(−1)n (αq; q)n
(q; q)n
q(
n+1
2 )3φ2
(
q−n, αqn+1, αcd/q
αc, αd
; q, 1
)
=
n∑
j=0
(−1)j (1− αq
2j)(α, q/c, q/d; q)j
(1 − α)(q, αc, αd; q)j q
j(j−3)/2(αcd)j
2The factor (−1)n is missing on the left-hand side of [14, Propositions 2.4 and 2.5].
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and
(2.8)
(−1)n (αq; q)n
(q; q)n
q(
n+1
2 )2φ1
(
q−n, αqn+1
αc
; q, 1
)
=
n∑
j=0
(1− αq2j)(α, q/c; q)j
(1− α)(q, αc; q)j q
j2−j(αc)j .
3. (a, b)-Parameterized identities and Hecke-type identities
associated with definite quadratic forms
In this section we establish many Hecke-type identities associated with definite
quadratic forms.
Theorem 3.1. For max{|aq2|, |bq2|, |ab|} < 1, we have
(3.1)
(q2, ab; q2)∞
(aq2, bq2; q2)∞
3φ2
(
q2/a, q2/b,−1
q,−q2 ; q
2, ab
)
=
∞∑
n=0
n∑
j=−n
(1− q4n+2)(q2/a, q2/b; q2)n(ab)n
(aq2, bq2; q2)n
qn(n−1)+j
2
.
Proof. Replacing (q, a, b, d, e) by (q2, q2n+2,−q, q,−q2) in (2.5) we have
3φ2
(
q−2n, q2n+2,−q
q,−q2 ; q
2, 1
)
=
(−q−2n; q2)n
(−q2; q2)n 3φ2
(
q−2n, q2n+2,−1
q,−q2 ; q
2, q2
)
,
which combines the identity (−q−2n; q2)n = q−n(n+1)(−q2; q2)n to arrive at
(3.2) 3φ2
(
q−2n, q2n+2,−1
q,−q2 ; q
2, q2
)
= qn(n+1)3φ2
(
q−2n, q2n+2,−q
q,−q2 ; q
2, 1
)
.
Replcaing q by q2 and then setting α = 1, c = q, d = −q2 in (2.7) we get
(3.3) (−1)nqn(n+1)3φ2
(
q−2n, q2n+2,−q
q,−q2 ; q
2, 1
)
=
n∑
j=−n
qj
2
.
Substituting (3.3) into the right-hand side of (3.2) we conclude that
(3.4) 3φ2
(
q−2n, q2n+2,−1
q,−q2 ; q
2, q2
)
= (−1)n
n∑
j=−n
qj
2
.
We replace q by q2 and take α = q2, β = −1, c = q, d = −q2 in (2.3) to obtain
(3.5)
(q2, ab; q2)∞
(aq2, bq2; q2)∞
3φ2
(
q2/a, q2/b,−1
q,−q2 ; q
2, ab
)
=
∞∑
n=0
(1 − q4n+2)(q2/a, q2/b; q2)n(−ab)nqn(n−1)
(aq2, bq2; q2)n
× 3φ2
(
q−2n, q2n+2,−1
q,−q2 ; q
2, q2
)
.
Then the identity (3.1) follows readily by substituting (3.4) into the right-hand side
of (3.5). 
We now use (3.1) to deduce the following double series identity.
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Theorem 3.2. We have
∞∑
n=1
qn
1 + q2n
=
∞∑
n=1
n∑
j=−n
qn
2+j2 −
∞∑
n=1
q2n
2
.
Proof. Setting a = 1 and b = q in (3.1) and simplifying we find that
1 + 2
∞∑
n=1
qn
1 + q2n
= 3φ2
(
q2, q,−1
q,−q2 ; q
2, q
)
=
∞∑
n=0
(1 + q2n+1)qn
2
n∑
j=−n
qj
2
.
Thus
1 + 2
∞∑
n=1
qn
1 + q2n
=
∞∑
n=0
qn
2
n∑
j=−n
qj
2
+
∞∑
n=0
q(n+1)
2
n∑
j=−n
qj
2
= 1 +
∞∑
n=1
qn
2
n∑
j=−n
qj
2
+
∞∑
n=1
qn
2
n−1∑
j=−n+1
qj
2
= 1 + 2
∞∑
n=1
n∑
j=−n+1
qn
2+j2 .
This means that ∞∑
n=1
qn
1 + q2n
=
∞∑
n=1
n∑
j=−n+1
qn
2+j2 .
This finishes the proof of Theorem 3.2. 
From Theorem 3.2 we can derive an interesting identity, which is given in the
following corollary.
Corollary 3.1. We have
∞∑
n=1
qn
1 + q2n
= −1
4
+
1
4
( ∞∑
n=−∞
q2n
2
)2
+ q
( ∞∑
n=0
q2n(n+1)
)2
.
From this result we have
1 + 4
∞∑
n=1
qn
1 + q2n
=
( ∞∑
n=−∞
q2n
2
)2
+ 4q
( ∞∑
n=0
q2n(n+1)
)2
,
which, together with [4, (2)], gives( ∞∑
n=−∞
qn
2
)2
=
( ∞∑
n=−∞
q2n
2
)2
+ 4q
( ∞∑
n=0
q2n(n+1)
)2
.
This identity can also be deduced by using the results [5, Theorem 5.4.1 (i),(iv)
and Theorem 5.4.2 (iv)] or [6, p. 40, Entry 25 (v), (vi)].
Before proving Corollary 3.1 we need an auxiliary result.
Lemma 3.1. We have
∞∑
n=1
n∑
m=−n+1
qn
2+m2 = −1
4
+
1
4
( ∞∑
n=−∞
q2n
2
)2
+ q
( ∞∑
n=0
q2n(n+1)
)2
.
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Proof. On one hand, since( ∞∑
n=−∞
q2n
2
)2
=
(
1 + 2
∞∑
n=1
q2n
2
)2
= 1 + 4
∞∑
n=1
q2n
2
+ 4
( ∞∑
n=1
q2n
2
)2
= 1 + 4
( ∞∑
n=1
q2n
2
+
∞∑
n=1
∞∑
m=1
q2n
2+2m2
)
,
we have
−1
4
+
1
4
( ∞∑
n=−∞
q2n
2
)2
=
∞∑
n=1
∞∑
m=0
q2n
2+2m2
=
∞∑
n=1
∞∑
m=0
q(n+m)
2+(n−m)2 .
Set n′ = n+m,m′ = n−m. Then the set of integer pairs:
{(n,m) ∈ Z2|n ≥ 1,m ≥ 0}
is transformed into the set
{(n′,m′) ∈ Z2|n′ ≥ 1, 2− n′ ≤ m′ ≤ n′, n′ ≡ m′(mod2)}.
Thus
(3.6) − 1
4
+
1
4
( ∞∑
n=−∞
q2n
2
)2
=
∞∑
n=1
∑
1−n≤m≤n
m≡n( mod 2)
qn
2+m2 .
On the other hand,
q
( ∞∑
n=0
q2n(n+1)
)2
=
∞∑
n=0
∞∑
m=0
q2n(n+1)+2m(m+1)+1
=
∞∑
n=0
∞∑
m=0
q(n+m+1)
2+(n−m)2 .
Take n′ = n+m+ 1,m′ = n−m. Then the set of integer pairs:
{(n,m) ∈ Z2|n ≥ 0,m ≥ 0}
is transformed into the set
{(n′,m′) ∈ Z2|n′ ≥ 1, 1− n′ ≤ m′ ≤ n′ − 1, n′ + 1 ≡ m′(mod2)}.
Therefore
(3.7) q
( ∞∑
n=0
q2n(n+1)
)2
=
∞∑
n=1
∑
1−n≤m≤n
m≡n+1( mod 2)
qn
2+m2
Combining the identities (3.6) and (3.7) we can easily obtain the result. This
completes the proof of Lemma 3.1. 
HECKE-TYPE IDENTITIES 8
Proof of Corollary 3.1. The identity in Corollary 3.1 can be obtained by combining
Theorem 3.2 and Lemma 3.1. 
We next employ (3.1) to deduce another double series identity, which is given in
the following theorem.
Theorem 3.3. We have
∞∑
n=1
(−1)nqn2+n
(1 + q2n)(q; q2)n
=
∞∑
n=1
n∑
j=−n
(−1)nq2n2+j2 −
∞∑
n=1
(−1)nq3n2 .
Proof. It is easily seen that
1 + 2
∞∑
n=1
(−1)nqn2+n
(1 + q2n)(q; q2)n
= lim
b→0 3
φ2
(
q2, q2/b,−1
q,−q2 ; q
2, b
)
.
Set a = 1, b→ 0 in (3.1). We obtain
1 + 2
∞∑
n=1
(−1)nqn2+n
(1 + q2n)(q; q2)n
=
∞∑
n=0
n∑
j=−n
(−1)n(1− q4n+2)q2n2+j2 .
Since
∞∑
n=0
n∑
j=−n
(−1)n(1 − q4n+2)q2n2+j2
=
∞∑
n=0
n∑
j=−n
(−1)nq2n2+j2 +
∞∑
n=0
n∑
j=−n
(−1)n+1q2(n+1)2+j2
= 1 +
∞∑
n=1
n∑
j=−n
(−1)nq2n2+j2 +
∞∑
n=1
n−1∑
j=−n+1
(−1)nq2n2+j2
= 1 + 2
∞∑
n=1
n∑
j=−n+1
(−1)nq2n2+j2 ,
we see that
∞∑
n=1
(−1)nqn2+n
(1 + q2n)(q; q2)n
=
∞∑
n=1
n∑
j=−n+1
(−1)nq2n2+j2 .
This completes the proof of Theorem 3.3. 
Substituting a = 1, b = −q into (3.1) and then replacing q by −q in the resulting
identity we can easily obtain the formula (1.1).
From the formula (3.1) we can deduce many other Hecke-type identities asso-
ciated with definite quadratic forms. Set (a, b) = (q,−q), (−1,±q), (0,±q), (0,−1)
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and (0, 0) in (3.1). We get
∞∑
n=0
(−1)n(−q; q2)nq2n
(1 + q2n)(q2; q2)n
=
(q2; q4)∞
2(q4; q4)∞
∞∑
n=0
n∑
j=−n
(−1)nqn(n+1)+j2 ,
∞∑
n=0
(−1; q2)nqn
(q2; q2)n
=
(−q; q)∞
(q; q)∞
∞∑
n=0
n∑
j=−n
(−1)j(1− q2n+1)qn2+j2 ,
∞∑
n=0
(−1; q)2nqn
(q; q)2n
=
(−q; q)∞
(q; q)∞
∞∑
n=0
n∑
j=−n
(1− q2n+1)qn2+j2 ,
∞∑
n=0
(−1)nqn2+2n
(1 + q2n)(q2; q2)n
=
(q; q2)∞
2(q2; q2)∞
∞∑
n=0
n∑
j=−n
(−1)n(1 + q2n+1)q2n2+n+j2 ,(3.8)
∞∑
n=0
(−q; q2)nqn2+2n
(1 + q2n)(q; q)2n
=
(−q; q2)∞
2(q2; q2)∞
∞∑
n=0
n∑
j=−n
(1 − q2n+1)q2n2+n+j2 ,
∞∑
n=0
(−1; q2)n
(q; q)2n
qn
2+n =
(−q2; q2)∞
(q2; q2)∞
∞∑
n=0
n∑
j=−n
(1 − q4n+2)q2n2+j2 ,
∞∑
n=0
q2n
2+2n
(1 + q2n)(q; q)2n
=
1
2(q2; q2)∞
∞∑
n=0
n∑
j=−n
(1 − q4n+2)q3n2+n+j2 .
Theorem 3.4. For max{|aq2|, |bq2|, |ab|} < 1, we have
(3.9)
(q2, ab; q2)∞
(aq2, bq2; q2)∞
3φ2
(
q2/a, q2/b, q
−q2, q3 ; q
2, ab
)
= (1− q)
∞∑
n=0
n∑
j=−n
(1 + q2n+1)(q2/a, q2/b; q2)n(−ab)n
(aq2, bq2; q2)n
qn
2+j2 .
In order to derive (3.9) we first prove two important results.
Lemma 3.2. For any non-negative integer n, we have
(3.10) 3φ2
(
q−2n, q2n+2, q2
−q2,−q3 ; q
2, q
)
=
(−1)n(1 + q)
qn2(1 + q2n+1)
n∑
j=−n
(−1)jqj2 .
Proof. Replacing q by −q in (3.3) yields
(3.11) (−1)nqn(n+1)3φ2
(
q−2n, q2n+2, q
−q,−q2 ; q
2, 1
)
=
n∑
j=−n
(−1)jqj2 .
Replacing q by q2 and then taking a = b = q2, d = −q2, e = −q3 in (2.6) we
conclude that
3φ2
(
q−2n, q2n+2, q2
−q2,−q3 ; q
2, q
)
=
(1 + q)qn
1 + q2n+1
3φ2
(
q−2n, q2n+2, q
−q,−q2 ; q
2, 1
)
.
Then the result (3.10) follows easily by substituting (3.11) into the right-hand side
of the above identity. 
Lemma 3.3. For any nonnegative integer n, we have
(3.12) 3φ2
(
q−2n, q2n+2, q
−q2, q3 ; q
2, q2
)
=
(1− q)qn
1− q2n+1
n∑
j=−n
qj
2
.
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Proof. Replacing q by −q in (3.10) gives
(3.13) 3φ2
(
q−2n, q2n+2, q2
−q2, q3 ; q
2,−q
)
=
1− q
qn2(1 − q2n+1)
n∑
j=−n
qj
2
.
Replacing q by q2 and then putting a = q2n+2, b = q2, d = q3, e = −q2 in (2.5) we
find
3φ2
(
q−2n, q2n+2, q
−q2, q3 ; q
2, q2
)
=
(−q2; q2)n
(−q−2n; q2)n 3φ2
(
q−2n, q2n+2, q2
−q2, q3 ; q
2,−q
)
.
Then the identity (3.12) can be obtained by substituting (3.13) into the right-hand
side of the above formula and then applying the identity (−q
2;q2)n
(−q−2n;q2)n = q
n2+n. 
We are now in the position to prove Theorem 3.4.
Proof of Theorem 3.4. Replace q by q2 and then set α = q2, β = q, c = −q2, d = q3
in (2.3). We obtain
(q2, ab; q2)∞
(aq2, bq2; q2)∞
3φ2
(
q2/a, q2/b, q
−q2, q3 ; q
2, ab
)
=
∞∑
n=0
(1− q4n+2)(q2/a, q2/b; q2)n(−ab)nqn(n−1)
(aq2, bq2; q2)n
3φ2
(
q−2n, q2n+2, q
−q2, q3 ; q
2, q2
)
.
Then the result (3.9) follows easily by substituting (3.12) into the right-hand side
of the above equation. 
From Theorem 3.4 we can derive some Hecke-type identities associated with
definite quadratic forms. Taking (a, b) = (1,−q) and (−1,−q) in (3.9) we get
∞∑
n=0
(−q; q2)n(−q)n
(−q2; q2)n(1− q2n+1) =
∞∑
n=0
n∑
j=−n
qn
2+n+j2 ,
and
(3.14)
∞∑
n=0
(−q; q2)nqn
(q2; q2)n(1 − q2n+1) =
(−q; q)∞
(q; q)∞
∞∑
n=0
n∑
j=−n
(−1)nqn2+n+j2 .
Let (a, b) = (1, 0), (−q, 0), (−1, 0) and (0, 0) in (3.9). We obtain
∞∑
n=0
(−1)nqn2+n
(−q2; q2)n(1− q2n+1) =
∞∑
n=0
n∑
j=−n
(1 + q2n+1)q2n
2+n+j2 ,
∞∑
n=0
(−q; q2)nqn2+2n
(1− q2n+1)(q4; q4)n =
(−q; q2)∞
(q2; q2)∞
∞∑
n=0
n∑
j=−n
(−1)nq2n2+2n+j2 ,
(3.15)
∞∑
n=0
qn
2+n
(1− q2n+1)(q2; q2)n =
(−q2; q2)∞
(q2; q2)∞
∞∑
n=0
n∑
j=−n
(−1)n(1 + q2n+1)q2n2+n+j2 ,
(3.16)
and
(3.17)
∞∑
n=0
q2n
2+2n
(1− q2n+1)(q4; q4)n =
1
(q2; q2)∞
∞∑
n=0
n∑
j=−n
(−1)n(1+ q2n+1)q3n2+2n+j2 .
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Theorem 3.5. For max{|aq2|, |bq2|, |ab/q2|} < 1, we have
(3.18)
(q2, ab; q2)∞
(aq2, bq2; q2)∞
3φ2
(
q2/a, q2/b,−q
q,−q2 ; q
2,
ab
q2
)
=
∞∑
n=0
n∑
j=−n
(1− q4n+2)(q2/a, q2/b; q2)n(ab/q2)nqj2
(aq2, bq2; q2)n
.
Proof. Replace q by q2 in (2.2) and then take z = q−2, α = q2, β = q, c = −q, d =
−q2 in the resulting identity. We obtain
(q2, ab; q2)∞
(aq2, bq2; q2)∞
3φ2
(
q2/a, q2/b,−q
q,−q2 ; q
2,
ab
q2
)
=
∞∑
n=0
(1− q4n+2)(q2/a, q2/b; q2)n(−ab)nqn(n−1)
(aq2, bq2; q2)n
3φ2
(
q−2n, q2n+2,−q
q,−q2 ; q
2, 1
)
.
Then the result (3.18) follows readily by substituting (3.3) into the right-hand side
of this identity. 
From the identity (3.18) we can obtain certain Hecke-type identities associated
with definite quadratic forms. Taking (a, b) = (0, 0), (−1, 0), (1, 0), (q, 0) and (−q, 0)
in (3.18) gives
∞∑
n=0
(−q; q2)nq2n2
(q; q2)n(q4; q4)n
=
1
(q2; q2)∞
∞∑
n=0
n∑
j=−n
(1− q4n+2)q2n2+j2 ,
∞∑
n=0
(−q; q2)nqn2−n
(q; q)2n
=
(−q2; q2)∞
(q2; q2)∞
∞∑
n=0
n∑
j=−n
(1 − q4n+2)qn2−n+j2 ,
∞∑
n=0
(−1)n(−q; q2)nqn2−n
(q,−q2; q2)n =
∞∑
n=0
n∑
j=−n
(−1)n(1− q4n+2)qn2−n+j2 ,
∞∑
n=0
(−1)n(−q; q2)nqn2
(q4; q4)n
=
(q; q2)∞
(q2; q2)∞
∞∑
n=0
n∑
j=−n
(−1)n(1 + q2n+1)qn2+j2 ,
and
∞∑
n=0
(−q; q2)2nqn
2
(q; q2)n(q4; q4)n
=
(−q; q2)∞
(q2; q2)∞
∞∑
n=0
n∑
j=−n
(1− q2n+1)qn2+j2 .
Theorem 3.6. For max{|aq2|, |bq2|, |ab/q|} < 1, we have
(3.19)
(q2, ab; q2)∞
(aq2, bq2; q2)∞
∞∑
n=0
(q2/a, q2/b; q2)n
(−q; q)2n+1
(
ab
q
)n
=
∞∑
n=0
n∑
j=−n
(−1)j (1 − q
2n+1)(q2/a, q2/b; q2)n(ab/q)
nqj
2
(aq2, bq2; q2)n
.
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Proof. Replace q by q2 and set α = β = q2, c = −q2, d = −q3, z = q−1 in (2.2). We
arrive at
(q2, ab; q2)∞
(aq2, bq2; q2)∞
3φ2
(
q2/a, q2/b, q2
−q2,−q3 ; q
2,
ab
q
)
=
∞∑
n=0
(1− q4n+2)(q2/a, q2/b; q2)n(−ab)nqn2−n
(aq2, bq2; q2)n
3φ2
(
q−2n, q2n+2, q2
−q2,−q3 ; q
2, q
)
.
Then the formula (3.19) follows immediately by substituting (3.10) into the right-
hand side of this identity. 
Theorem 3.6 has the following consequence.
Theorem 3.7. We have
(3.20)
∞∑
n=0
(−1)n(q2; q2)nqn2
(−q; q)2n+1 = 1 + 2
∞∑
n=1
n∑
j=−n+1
(−1)n+jqn2+j2 .
Proof. It is easy to see that
∞∑
n=0
n∑
j=−n
(−1)n+j(1 − q2n+1)qn2+j2
=
∞∑
n=0
n∑
j=−n
(−1)n+jqn2+j2 +
∞∑
n=0
n∑
j=−n
(−1)n+1+jq(n+1)2+j2
= 1 +
∞∑
n=1
n∑
j=−n
(−1)n+jqn2+j2 +
∞∑
n=1
n−1∑
j=−n+1
(−1)n+jqn2+j2
= 1 + 2
∞∑
n=1
n∑
j=−n+1
(−1)n+jqn2+j2 .
Setting a = 1, b→ 0 in (3.19) we have
∞∑
n=0
(−1)n(q2; q2)nqn2
(−q; q)2n+1 =
∞∑
n=0
n∑
j=−n
(−1)n+j(1 − q2n+1)qn2+j2 .
Then the formula (3.20) follows by combining the above two identities. 
From Theorem 3.6 we deduce some other Hecke-type identities associated with
definite quadratic forms. Putting (a, b) = (0, 0), (−1, 0) and (q, 0) in (3.19) produces
∞∑
n=0
q2n
2+n
(−q; q)2n+1 =
1
(q2; q2)∞
∞∑
n=0
n∑
j=−n
(−1)j(1− q2n+1)q2n2+n+j2 ,
∞∑
n=0
qn
2
(−q; q2)n+1 =
(−q2; q2)∞
(q2; q2)∞
∞∑
n=0
n∑
j=−n
(−1)j(1 − q2n+1)qn2+j2 ,
∞∑
n=0
(−1)n(q; q2)nqn2+n
(−q; q)2n+1 =
(q; q2)∞
(q2; q2)∞
∞∑
n=0
n∑
j=−n
(−1)n+jqn2+n+j2 .
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Theorem 3.8. For max{|aq4|, |bq4|, |ab|} < 1, we have
(3.21)
(q2, abq2; q2)∞
(aq4, bq4; q2)∞
3φ2
(
q2/a, q2/b,−q
−q2, q3 ; q
2, ab
)
= (1− q)
∞∑
n=0
n+1∑
j=−n
(1− q4n+4)(q2/a, q2/b; q2)n(ab)nqj2
(aq4, bq4; q2)n
.
Proof. Replace q by q2 in (2.7) and then take α = q2, c = −1, d = q. We get
(−1)n(1 − q2n+2)qn2+n3φ2
(
q−2n, q2n+4,−q
−q2, q3 ; q
2, 1
)
= (1− q)
n∑
j=0
(1 + q2j+1)qj
2
= (1 − q)
n+1∑
j=−n
qj
2
.
Then
(3.22) 3φ2
(
q−2n, q2n+4,−q
−q2, q3 ; q
2, 1
)
=
(−1)n(1− q)
qn2+n(1− q2n+2)
n+1∑
j=−n
qj
2
.
Replacing q by q2 in (2.2) and then setting α = q4, β = −q, c = −q2, d = q3, z = q−2
we find that
(q2, abq2; q2)∞
(aq4, bq4; q2)∞
3φ2
(
q2/a, q2/b,−q
−q2, q3 ; q
2, ab
)
=
∞∑
n=0
(1− q4n+4)(1 − q2n+2)(q2/a, q2/b; q2)n(−ab)nqn(n+1)
(aq4, bq4; q2)n
× 3φ2
(
q−2n, q2n+4,−q
−q2, q3 ; q
2, 1
)
.
Then the identity (3.21) follows readily by substituting (3.22) into the above for-
mula. 
Some Hecke-type identities associated with definite quadratic forms can be de-
duced from the identity (3.21). Taking (a, b) = (±1, 0), (±q−1, 0) and (0, 0) in (3.21)
we derive
∞∑
n=0
(−1)n(−q; q2)nqn2+n
(−q2; q2)n(q; q2)n+1 =
∞∑
n=0
n+1∑
j=−n
(−1)n(1 + q2n+2)qn2+n+j2 ,
∞∑
n=0
(−q; q2)nqn2+n
(q; q)2n+1
=
(−q2; q2)∞
(q2; q2)∞
∞∑
n=0
n+1∑
j=−n
(1 − q2n+2)qn2+n+j2 ,
∞∑
n=0
(−1)n(−q; q2)nqn2
(q4; q4)n
=
(q; q2)∞
(q2; q2)∞
∞∑
n=0
n+1∑
j=−n
(−1)n(1− q4n+4)qn2+j2 ,
∞∑
n=0
(−q; q2)n(−q; q2)n+1qn2
(−q2; q2)n(q; q)2n+1 =
(−q; q2)∞
(q2; q2)∞
∞∑
n=0
n+1∑
j=−n
(1− q4n+4)qn2+j2 ,
∞∑
n=0
(−q; q2)nq2n2+2n
(−q2; q2)n(q; q)2n+1 =
1
(q2; q2)∞
∞∑
n=0
n+1∑
j=−n
(1− q4n+4)q2n2+2n+j2 .
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Theorem 3.9. For max{|aq4|, |bq4|, |abq2|} < 1, we have
(3.23)
(q2, abq2; q2)∞
(aq4, bq4; q2)∞
3φ2
(
q2/a, q2/b, q
−q2, q3 ; q
2, abq2
)
= (1 − q)
∞∑
n=0
n+1∑
j=−n
(1− q4n+4)(q2/a, q2/b; q2)n(−ab)nqn(n+2)+j2
(aq4, bq4; q2)n
.
Before proving Theorem 3.9 we need one auxiliary result.
Lemma 3.4. For any nonnegative integer n, we have
(3.24) 3φ2
(
q−2n, q2n+4, q
−q2, q3 ; q
2, q2
)
=
qn(1− q)
1− q2n+2
n+1∑
j=−n
qj
2
.
Proof. Replace q by q2 and then set a = q2n+4, b = −q, d = −q2, e = q3 in (2.5).
We have
3φ2
(
q−2n, q2n+4,−q
−q2, q3 ; q
2, 1
)
=
(q−1−2n; q2)n
(q3; q2)n
3φ2
(
q−2n, q2n+4, q
−q2, q3 ; q
2, q2
)
.
Then (3.24) follows by substituting (3.22) into the left-hand side of the above
identity and applying the equation (q−1−2n; q2)n = (−1)nq−n(n+2)(q3; q2)n. 
We are now ready to prove Theorem 3.9.
Proof of Theorem 3.9. Replacing q by q2 in (2.3) and then putting α = q4, β =
q, c = −q2, d = q3 we get
(q2, abq2; q2)∞
(aq4, bq4; q2)∞
3φ2
(
q2/a, q2/b, q
−q2, q3 ; q
2, abq2
)
=
∞∑
n=0
(1− q4n+4)(1 − q2n+2)(q2/a, q2/b; q2)n(−ab)nqn(n+1)
(aq4, bq4; q2)n
× 3φ2
(
q−2n, q2n+4, q
−q2, q3 ; q
2, q2
)
.
Then the identity (3.23) follows quickly by sustituting (3.24) into the right-hand
side of the above formula. 
Some Hecke-type identities associated with definite quadratic forms can be de-
rived from the identity (3.23). Take (a, b) = (1,−1), (1,±q−1) and (0,±1) in (3.23).
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We obtain
∞∑
n=0
(−1)nq2n
1− q2n+1 =
∞∑
n=0
n+1∑
j=−n
qn
2+2n+j2 ,
∞∑
n=0
(q; q2)nq
n
(−q2; q2)n =
∞∑
n=0
n+1∑
j=−n
(−1)n(1 + q2n+2)qn2+n+j2 ,
∞∑
n=0
(−q; q2)n+1(−q)n
(1− q2n+1)(−q2; q2)n =
∞∑
n=0
n+1∑
j=−n
(1 + q2n+2)qn
2+n+j2 ,
∞∑
n=0
(−1)nqn2+3n
(1− q2n+1)(−q2; q2)n =
∞∑
n=0
n+1∑
j=−n
(1 + q2n+2)q2n
2+3n+j2 ,
∞∑
n=0
qn
2+3n
(1− q2n+1)(q2; q2)n =
(−q2; q2)∞
(q2; q2)∞
∞∑
n=0
n+1∑
j=−n
(−1)n(1− q2n+2)q2n2+3n+j2 .
(3.25)
Theorem 3.10. For max{|aq2|, |bq2|, |ab|} < 1, we have
(3.26)
(q, abq; q)∞
(aq2, bq2; q)∞
2φ1
(
q/a, q/b
−q ; q, ab
)
=
∞∑
n=0
n+1∑
j=−n
(−1)j (1− q
2n+2)(q/a, q/b; q)n(ab)
nqj
2
(aq2, bq2; q)n
.
Proof. Taking α = q, c = −1 in (2.8) gives
(3.27) (1− qn+1)qn(n+1)/22φ1
(
q−n, qn+2
−q ; q, 1
)
=
n+1∑
j=−n
(−1)n+jqj2 .
Setting α = q2, c = −q, z = q−1 in (2.4) yields
(q3, abq; q)∞
(aq2, bq2; q)∞
2φ1
(
q/a, q/b
−q ; q, ab
)
=
∞∑
n=0
(1− q2n+2)(1− qn+1)(q/a, q/b; q)n(−ab)nqn(n+1)/2
(1− q)(1 − q2)(aq2, bq2; q)n 2φ1
(
q−n, qn+2
−q ; q, 1
)
.
Then the identity (3.26) follows readily by substituting (3.27) into the right-hand
side of the above formula. 
Certain Hecke-type identities associated with definite quadratic forms can be
obtained from the identity (3.26). Setting (a, b) = (±1, 0) and (0, 0) in (3.26) we
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deduce
∞∑
n=0
(−1)nqn(n+1)/2
(−q; q)n =
∞∑
n=0
n+1∑
j=−n
(−1)n+j(1 + qn+1)qn(n+1)/2+j2 ,
∞∑
n=0
qn(n+1)/2
(q; q)n
=
(−q; q)∞
(q; q)∞
∞∑
n=0
n+1∑
j=−n
(−1)j(1 − qn+1)qn(n+1)/2+j2 ,
∞∑
n=0
qn
2+n
(q2; q2)n
=
1
(q; q)∞
∞∑
n=0
n+1∑
j=−n
(−1)j(1− q2n+2)qn2+n+j2 .
Theorem 3.11. For max{|aq2|, |bq2|, |ab/q2|} < 1, we have
(3.28)
(q2, ab; q2)∞
(aq2, bq2; q2)∞
2φ1
(
q2/a, q2/b
q
; q2,
ab
q2
)
=
∞∑
n=0
n∑
j=−n
(1− q4n+2)(q2/a, q2/b; q2)n(ab)n
(aq2, bq2; q2)n
q2j
2+j−2n.
Proof. Replacing q by q2 and then setting α = 1, c = q in (2.8) gives
(3.29)
(−1)nqn(n+1)2φ1
(
q−2n, q2n+2
q
; q2, 1
)
= 1 +
n∑
j=1
(1 + q2j)q2j
2−j =
n∑
j=−n
q2j
2+j .
Replacing q by q2 and putting α = q2, c = q, z = q−2 in (2.4) yields
(q4, ab; q2)∞
(aq2, bq2; q2)∞
2φ1
(
q2/a, q2/b
q
; q2,
ab
q2
)
=
∞∑
n=0
(1− q4n+2)(q2/a, q2/b; q2)n(−ab)nqn2−n
(1 − q2)(aq2, bq2; q2)n 2φ1
(
q−2n, q2n+2
q
; q2, 1
)
.
Then the formula (3.28) follows easily by substituting (3.29) into the right-hand
side of the above identity. 
Some Hecke-type identities associated with definite quadratic forms can be es-
tablished from the formula (3.28). Let (a, b) = (±1, 0), (±q, 0) and (0, 0) in (3.28).
We deduce
∞∑
n=0
(−1)nqn2−n
(q; q2)n
=
∞∑
n=0
n∑
j=−n
(−1)n(1− q4n+2)qn2−n+2j2+j ,
∞∑
n=0
(−q2; q2)nqn2−n
(q; q)2n
=
(−q2; q2)∞
(q2; q2)∞
∞∑
n=0
n∑
j=−n
(1− q4n+2)qn2−n+2j2+j ,
∞∑
n=0
(−1)nqn2
(q2; q2)n
=
(q; q2)∞
(q2; q2)∞
∞∑
n=0
n∑
j=−n
(−1)n(1 + q2n+1)qn2+2j2+j ,
∞∑
n=0
(−q; q2)nqn2
(q; q)2n
=
(−q; q2)∞
(q2; q2)∞
∞∑
n=0
n∑
j=−n
(1 − q2n+1)qn2+2j2+j ,
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and
∞∑
n=0
q2n
2
(q; q)2n
=
1
(q2; q2)∞
∞∑
n=0
n∑
j=−n
(1− q4n+2)q2n2+2j2+j .
The third identity above gives a second Hecke-type series representation, which is
associated with definite quadratic forms, for the series
∑∞
n=0
qn
2
(q2;q2)n
if q is replaced
by −q while Liu [14, (4.12)] presented a Hecke-type series representation for that
series, which is also stated in the first section.
4. Applications
In this section we will use some Hecke-type identities associated with definite
quadratic forms in Section 3 to establish inequalities for certain partition functions.
A partition of a positive integer n is a non-increasing sequence (λ1, λ2, · · · , λr)
of positive integers such that λ1 + λ2 + · · ·+ λr = n. Let p(n) and pod(n) denote
the number of partitions of n and the number of partitions of n without repeated
odd parts respectively and let p(0) = pod(0) = 1. Then the generating functions
for p(n) and pod(n) are given by
∞∑
n=0
p(n)qn =
1
(q; q)∞
and
(4.1)
∞∑
n=0
pod(n)qn =
(−q; q2)∞
(q2; q2)∞
.
An overpartition of a positive integer n is a partition of n where the first oc-
currence of each distinct part may be overlined. Let p(n) denote the number of
overpartitions of n and set p(0) = 1. Then the generating function for this parti-
tion function is given by
(4.2)
∞∑
n=0
p(n)qn =
(−q; q)∞
(q; q)∞
.
We now employ (3.8), (3.14), (3.15), (3.16), (3.17) and (3.25) to prove the fol-
lowing inequalities for these partition functions.
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Theorem 4.1. For any nonnegative integer N we have
⌊√N⌋∑
n=0
n∑
j=−n
(−1)np(N − n2 − n− j2) ≥ 0,
⌊√
N/2
⌋
∑
n=0
n∑
j=−n
(−1)npod(N − 2n2 − 2n− j2) ≥ 0,
⌊√
N/2
⌋
∑
n=0
n∑
j=−n
(−1)n
(
p
(
N − n− j2
2
− n2
)
+ p
(
N − 3n− j2 − 1
2
− n2
))
≥ 0,
(4.3)
⌊√
N/3
⌋
∑
n=0
n∑
j=−n
(−1)n
(
p
(
N − 3n2 − 2n− j2
2
)
+ p
(
N − 3n2 − 4n− j2 − 1
2
))
≥ 0,
⌊√
N/2
⌋
∑
n=0
n+1∑
j=−n
(−1)n
(
p
(
N − 3n− j2
2
− n2
)
− p
(
N − 5n− j2 − 2
2
− n2
))
≥ 0,
and
(4.4)
⌊√
N/2
⌋
∑
n=0
n∑
j=−n
(−1)j(pod(N−2n2−n− j2)−pod(N−2n2−3n− j2−1)) ≥ 0,
where p(x) = pod(x) = p(x) = 0 if x is not a non-negative integer and ⌊y⌋ denotes
the integral part of a real number y.
Proof. As the proofs of the first five inequalities are similar, we only give the proofs
of the inequalities (4.3) and (4.4) here.
We first prove the inequality (4.3). It follows from (4.2) that
(4.5)
∞∑
n=0
p(n)q2n =
(−q2; q2)∞
(q2; q2)∞
.
The right-hand side of (3.16) can be re-written as
(−q2; q2)∞
(q2; q2)∞
∞∑
n=0
n∑
j=−n
(−1)n(q2n2+n+j2 + q2n2+3n+j2+1).
Substituting (4.5) into the above expression we conclude that for each nonnegative
integer N , the coefficient of qN on the right-hand side of (3.16) is
⌊√
N/2
⌋
∑
n=0
n∑
j=−n
(−1)n
(
p
(
N − n− j2
2
− n2
)
+ p
(
N − 3n− j2 − 1
2
− n2
))
.
From the left-hand side of (3.16) we find that the the coefficient of qN for each
nonnegative integer N is nonnegative. Then the result (4.3) follows by comparing
the coefficient of qN on both sides of (3.16).
We now show the inequality (4.4). Replacing q by −q in (3.8) yields
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(4.6)
∞∑
n=0
qn
2+2n
(1 + q2n)(q2; q2)n
=
(−q; q2)∞
2(q2; q2)∞
∞∑
n=0
n∑
j=−n
(−1)j(1− q2n+1)q2n2+n+j2 .
Since
∞∑
n=0
qn
2+2n
(1 + q2n)(q2; q2)n
=
1
2
+
∞∑
n=1
qn
2+2n
(1− q4n)(q2; q2)n−1 ,
we see that for each nonnegative integer N , the coefficient of qN on the left-hand
side of (4.6) is nonnegative. Thus the result (4.4) can be obtained by substituting
(4.1) into the right-hand side of (4.6) and then applying the nonnegativity of the
left-hand side of (4.6). This finishes the proof of Theorem 4.1. 
Theorem 4.2. For any nonnegative integer N we have
⌊N/2⌋∑
n=0
n∑
j=−n
(−1)np(N − 2n2 − 2n− j2) ≥ 0,(4.7)
⌊N/2⌋∑
n=0
n∑
j=−n
(−1)n(p(N − 2n2 − n− j2) + p(N − 2n2 − 3n− 1− j2)) ≥ 0,
⌊N/3⌋∑
n=0
n∑
j=−n
(−1)n(p(N − 3n2 − 2n− j2) + p(N − 3n2 − 4n− 1− j2)) ≥ 0,
⌊N/2⌋∑
n=0
n+1∑
j=−n
(−1)n(p(N − 2n2 − 3n− j2)− p(N − 2n2 − 5n− 2− j2)) ≥ 0.
Proof. As the proofs of these inequalities are similar, we only prove (4.7) here.
Multiply both sides of (3.15) by (−q2; q2)∞. We have
(4.8) (−q2; q2)∞
∞∑
n=0
(−q; q2)nqn2+2n
(1− q2n+1)(q4; q4)n =
1
(q; q)∞
∞∑
n=0
n∑
j=−n
(−1)nq2n2+2n+j2 .
It is easy to see that the left-hand side of (4.8) has nonnegative coefficients. Then
the inequality (4.7) follows easily by equating the coefficients of qN on both sides
of (4.8). 
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